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Abstract 

We derive new ansatze for the 4-form field strength of I? = 11 supergravity corresponding to 
uplifts of four-dimensional maximal gauged supergravity. In particular, the ansatze directly 
yield the components of the 4-form field strength in terms of the scalars and vectors of the 
four-dimensional maximal gauged supergravity— in this way they provide an explicit uplift of 
all four-dimensional consistent truncations of D = 11 supergravity. The new ansatze provide 
a substantially simpler method for uplifting d = 4 flows compared to the previously available 
method using the 3-form and 6-form potential ansatze. The ansatz for the Freund-Rubin term 
allows us to conjecture a ‘master formula’ for the latter in terms of the scalar potential of d = 4 
gauged supergravity and its first derivative. We also resolve a long-standing puzzle concerning 
the antisymmetry of the flux obtained from uplift ansatze. 


1 Introduction 


Establishing a formal, consistent relation between a higher-dimensional theory and a lower dimen¬ 
sional one is, in general, a challenging problem due to the highly non-linear nature of reductions. 
Given some (super-)gravity model in D dimensions, consider a ground state solution 

M d = At 4 x At D —4 (1) 

corresponding to a compactihcation from D to four dimensions. The fields of the theory are then 
expanded linearly around this ground state according to 

*(x,y) = $0 (x,y) + ( 2 ) 

n 

where we collectively denote the value of the fields (metric and form fields) at the ground state by 
<&()(£>y)- Here, x^ and y m , respectively, are four-dimensional ‘external’ and (D — 4)-dimensional 
‘internal’ coordinates on AT 4 and Md-a- The Y^ n \y) are the eigenmodes of certain differential 
operators on the internal space giving rise to an infinite tower of Kaluza-Klein modes. Restricting 
to the zero-mass eigenmodes gives the low energy physics. The linearised expansion (J2]) is sufficient 
to determine the mass spectrum of the theory. However, it cannot provide complete information 
about the interactions of the low energy theory, and must be modified by non-linear terms away 
from an infinitesimal neighborhood of the ground state. This modification must ensure that any 
solution of the low energy theory corresponds to a solution of the higher-dimensional theory. This 
is the problem of Kaluza-Klein consistency: given any solution of the full non-linear held equations 
in four dimensions one must seek a corresponding expression for <h(x,y) that solves the full higher- 
dimensional held equations also away from <l>o (x,y), thereby arriving at a consistent embedding of 
this solution into the higher-dimensional theory. 

In fact, there are very few examples where such a program has been successfully completed. 
Beyond the task of establishing the consistency of the truncation, it is a major challenge to present 
explicit non-linear ansatze])] for uplifting solutions of the lower-dimensional theory to solutions of the 
higher-dimensional one. Among the known examples the most intricate and technically demanding 
concerns the maximally supersymmetric D = 11 supergravity and reductions thereof to maximal 
gauged supergravity theories in four dimensions, corresponding to the ground state 

Mu = AdS 4 x A4 7 . (3) 

For this theory the complete non-linear ansatze have recently been identified in Refs. BE], building 
on the results of Refs. BEIE] and using the formalism developed in Ref. [ 6 ]. The basic tool 
that facilitates this result is the reformulation of the D = 11 supergravity theory [7] such that 
essential features of maximal gauged supergravity theories, classified by the covariant embedding 
formalism Bala mamma, in four dimensions become manifest. At its heart lies the E 7 ( 7 j/SU( 8 ) 
duality symmetry pun], which is obtained in the toroidal reduction from D = 11 supergravity to 
four-dimensional ungauged maximal supergravity. An important aspect of the formalism developed 
in Ref. [1] is the role of the 6 -form potential, which is dual to the 3-form potential of D = 11 
supergravity. Ref. |2j (see also Refs. SUSP) derives full, explicit uplift ansatze for SO( 8 ) gauged 
maximal suDereravitv [16 pi. which is a consistent truncation mm of D = 11 supergravity on a 
seven-sphere |22j 23]. 

1 Here, we use the word “ansatz” in the sense of an approach or prescription rather than a guess. 

2 It is known that the recently discovered family of SO(8) gauged supergravity theories [TT , I18 | cannot be obtained 
from a consistent reduction of D = 11 supergravity [21119j]2Q] (see also Ref. [5]). Therefore, they fall outside the scope 
of this paper. 
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The non-linear ansatze for the internal metric and internal components of the form fields were 
obtained by an analysis of the supersymmetry variations of D = 11 supergravity. In particular, the 
supersymmetry transformation of those components of the fields that we identify with the vectors in a 
reduction take the same form as the supersymmetry transformation of the vectors in four dimensions, 
viz. both are given by components of a 56-bein multiplied by a particular combination of fermions. 
Hence given a linear ansatz for the vectors, one can relate the 56-bein in eleven dimensions to the 
four-dimensional one. Since these 56-beine are parametrised by the d = 4 scalars and the internal 
components of the D = 11 fields respectively, one finally obtains a non-linear ansatz that relates the 
internal components of the D = 11 fields to the d = 4 scalars. 

By contrast, the approach in this paper is based on an analysis of the generalised vielbein 
postulates (GVPs). These are analogues of the familiar vielbein postulate in differential geometry 
for the 56-bein. As in the simpler case of the vielbein postulate, the GVPs express the derivative of 
the 56-bein in terms of objects that transform as connections with respect to SU( 8 ) transformations 
or £ 7 ( 7 ) generalised diffeomorphisms (2JJ. The GVPs, used in this paper, are found jT] by expressing 
the 56-bein in a GL(7) decomposition (in terms of the components of the D = 11 fields) and by 
packaging its derivative in terms of generalised connections. This alternative method for finding non¬ 
linear ansatze (see Ref. 0), centres on the fact that the generalised connections are parametrised 
by, in particular, components of the 4-form field strength. Therefore, by projecting onto various 
components of the GVPs using the 56-bein we are able to extract non-linear ansatze for components 
of the 4-form field strength. 

One main result of this paper is the embedding formula for the Freund-Rubin parameter f m (x, y ) 
in terms of four-dimensional fields. The latter is generally and independently of the equations of 
motion defined by [ 22 ] 

Fpvpa(x, y ) = i f m (x, y) (4) 

where r/pupa is the volume form in four dimensions. The choice of terminology reflects the fact 
that f m is a constant for Freund-Rubin compactifications characterised by Q. On the basis of 
its observed structure for several examples (worked out in section [4] and appendices [B] and [C]) we 
conjecture the following master formula 

f m(x,y) = ~-j=^ (v'(x) - (Q l3k \x)t ijk i(x,y) + h.c.)^ , (5) 

where mj is the inverse radius of the round S' 7 . Here, V is the full scalar potential of gauged 
maximal N = 8 supergravity with gauge coupling constant g. Q l3kl (x) is the first derivative of the 
potential in an SU( 8 ) covariant ‘frame’ on the E 7 ( 7 )/SU( 8 ) coset manifold (see Ref. [25] and section 
O for details), and is the x- and y-dependent complex selfdual tensor defined in Eqn. (1US1) in 
section 16.11 Stationary points of the potential are therefore characterised by the requirement that 
Qijki com pi ex anfz-selfdual; at such points the y-dependence drops out. We perform several very 
non-trivial checks of the formula ([5]), but leave a general proof for later work. 

The master formula ([5]) provides a concrete example of how a higher-dimensional field &(x,y) is 
consistently deformed away from the ground state solution 4>o(x,y). At the same time it illustrates 
very explicitly that the consistency of the truncation can only be achieved on-shell, that is, when 
the equations of motion are obeyed. Away from the solution of the equations of motion, the Freund- 
Rubin term exhibits an irremovable and manifest y-dependence. El The same holds true for other 

3 Nevertheless, in the general S 7 truncation, a residual y-dependence of the Freund-Rubin term for non-stationary 
solutions can be consistent if other components of the 4-form field strength also contribute. Consistency is then 
achieved because on-shell the y-dependence of the latter cancels the residual y-dependence of fm in such a way that 
all these terms combine to sum up to a y-independent right-hand side for the d = 4 Ricci tensor. 
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components of the D = 11 fields, as well as for more complicated solutions of the full S' truncation 
with x-dependence. As we already pointed out in our previous work, this is in marked contrast to 
the AdS 7 x S' 4 compactification of D = 11 supergravity [26l [27 ] where there exist consistent non¬ 
linear ansatze that also hold off-shell. The reason is that in the latter case the scalar field content 
is directly obtained without the need to dualise form fields. 

Finally, our non-linear ansatz for the internal components F mnpq of the 4-form field strength 
settles an issue that had been left unresolved in Ref. [3], which also tried to exploit the idea of 
projecting out the 4-form field strengths from the generalised non-metricity. The construction could 
not be completed there because only part of the generalised vielbein was known; furthermore, as 
shown much later in Ref. [21], the ansatz as given in Ref. [3] yields a tensor that is not totally 
antisymmetric. We also use the fermion supersymmetry transformations to find an ansatz for the 
Ffivmn component of the 4-form held strength. With these new ansatze, the uplift of flows (x- 
dependent solutions) to D = 11 becomes technically relatively straighforward. 

2 Preliminaries 

A (bosonic) solution of four-dimensional maximal gauged supergravity is specified by the following 
bosonic held content: 


a vierbein : 

28 vector helds : 


70 scalars : 



/ Uij IJ (x) Vij ij(x)\ 
\v l i IJ (x) u tJ rj(x)J ’ 


( 6 ) 


where the bivector indices IJ denote the 28 of SL(8, R). The 28 ‘electric’ vector helds A^ IJ should 
really be thought of as belonging to a 56 of E 7 ( 7 ), denoted by A p M . In the ungauged theory, the 
other 28 ‘magnetic’ vectors A fl jj are obtained by dualising the original 28 vectors A p J . The scalars 
Uij IJ and pseudoscalars v, L j jj parametrise a coset element V(x) € E 7 ( 7 )/SU(8). 

On the other hand, a solution of D = 11 supergravity is given by the following bosonic held 
content: 


an elfbein : Em A (x,u), 

a 3-form potential : Amnp(x,u) (7) 

(or 4-form held strength : F M npq(x , y) = 24 d\ m A NP q ]), 

where y m now are seven-dimensional coordinates. 

An uplift of a four-dimensional solution ([6]) to D = 11 supergravity is a solution of the D = 11 
equations of motion, specihed by (JT]) that is determined purely by the four-dimensional held content 
([6]) and the internal geometry of A4 7 relevant to the reduction; in the case of SO(8) gauged super¬ 
gravity this is the seven-sphere S 7 . Decomposing the D = 11 helds in a 4+7 split and interpreting 
them as four-dimensional helds based on their index structure gives: 


a vierbein : 

e P a {x,y), 




28 vector helds : 


A [imn (^j 

• y), 

(8) 

70 scalars : 

&m {x,y\ 


y), A pvm (x,y) (or A mi ... mg (x, y)). 
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Modulo a Weyl rescaling the eleven-dimensional “vierbein” (the appropriate 4x4 submatrix of the 
elfbein) is simply identified with the four-dimensional one. The 28 vector fields can be augmented 
by another set of 21 vectors A fJ , mi ,^ m 6 (x,y) originating from the 6 -form dual field Am 1 -m 6 - The 
final seven vectors required to form a full 56 of E 7 ( 7 ; correspond to the seven ‘dual graviphotons’ 
that have no satisfactory interpretation within D = 11 supergravity. Nevertheless, for convenience, 
we can add seven extra auxiliary vectors (see e.g. Ref. pQ and references therein). In this way we 
collectively define a set of vectors B^, where indices A4,Af ,... label the 56 representation of E 7 ( 7 ). 
These vectors are related to the analogous set A^ in four dimensions by 

Bfj. M (x, y) = K M x(y)A^(x) = U M u{y)A fl IJ (x) + K MIJ (y)A flIJ (x) . (9) 

Here, A^ J and A^/j, respectively, are the 28 electric vectors and the 28 magnetic vectors of N = 8 
supergravity. In the case of the S 7 reduction, is constructed from the Killing spinors r/ on 

o 

S‘ and the 6 -form volume potential on the round S 7 , C mi ...m 6 ; the explicit expressions are given in 
Ref. [2j. Similarly, the eleven-dimensional “scalars,” which collectively define an E 7 ( 7 )/SU( 8 ) coset 
element V M ab [I] are related to the four-dimensional scalars via 

V M AB(x,y ) =TZ M M(y)y l A (y)y J B (y)V Ar ij{x). (10) 

Here, rf A denote the eight Killing spinors defined on the internal geometry and is the same 

matrix as in Eqn. Q. 

In the case of the S 7 reduction and the associated SO( 8 ) gauged supergravity, the above ex¬ 
pressions translate to an uplift ansatz for the internal metric g mn , [0], the internal 3-form potential 
Amnp [5l [T5l [ 2 ] and the internal 6 -form potential A mi ... m6 [2]. Furthermore, dualisation of the 6 -form 
potential gives components of the 3-form potential. All these fields obtained in this way represent 
a full constructive solution of the D = 11 equations of motion. The two-form fields A^ um can be 
obtained by integration from the other ansatze. It is in principle also possible to deduce a non-linear 
ansatz directly for A^m by also comparing the four and eleven-dimensional supersymmetry trans¬ 
formations. Except that in this case the supersymmetry transformation of A^ um will correspond 
in four dimensions to the supersymmetry transformation of the 133 two-form fields, A^ wa , in the 
tensor hierarchy (see Ref. [12]). 

It must be emphasised that the uplift ansatze have been derived from the D = 11 theory, with the 
supersymmetry transformations playing a significant role in the derivation. As such they are robust 
and need no further substantiation. However, given the non-trivial nature of the reduction on the one 
hand and the remarkably simple form of the ansatze on the other, they have been explicitly verified 
for a number of stationary points of the four-dimensional scalar potential including the SO(7) ± , 
G 2 and SU(4) _ invariant solutions jH [ 21 ; Q2J [ 2 ]. Furthermore, the metric ansatz has been used 
extensively in the literature, in particular in applications to holography (see for example ]28[ [29]). 
The full uplift ansatze have allowed for a study of more complicated upliftings; including an uplift 
of the SO(3)xSO(3) invariant solution |30] and for the first time a full uplift of a flow to eleven 
dimensions lEI- 

In this paper, we explore the possibility of expressing some of the uplift ansatze in even simpler 
terms, with particular focus on the Freund-Rubin term ([4]) that plays a central role in compactifica- 
tions of D = 11 supergravity. To illustrate the simplicity of our final formula ([5]) recall the duality 
relation in eleven dimensions between the 4-form field strength and its 7-form dual, which implies 
that the Freund-Rubin term can also be expressed (in form language) as 

fm = *(7) (d( 7 ) Aq — A 3 A F 4 ) , (11) 

where all fields above take components along the internal directions. Hence, a direct derivation of the 
Freund-Rubin term from the uplift ansatze of Ref. [2] would require the associated expressions for 
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A mnp and A mi ,, me . Although Eqn. (fill) and the uplift ansatze for A mnp and A mi ... m6 are relatively 
simple 0, in practice the calculations become rather unwieldy for more non-trivial solutions of the 
four-dimensional theory, at least analytically. More precisely, the large number of operations required 
(such as inverting the metric to find A mnp and taking exterior derivatives and dualising a 

7-form) to find what is ultimately a scalar makes it a rather inconvenient calculation. 

Observing that the Freund-Rubin term, as well as other components of the 4-form field strength, 
also appear in the generalised vielbein postulates (GVPs) m, and more specifically, in the gener¬ 
alised SU(8) connection coefficients Q m A B and the generalised non-metricity V m ABCD , we obtain 
(in our view the rather elegant) formula ([5]) for that is sextic in the matrix elements of V, see 
Eqn. (1521) . by a particular projection of the internal GVP using components of the 56-bein. 

Another projection of the internal GVP gives an ansatz for the internal components of the field 
strength. When projecting out F mnpq from the generalised non-metricity V m ABCD , components of 
the generalised Christoffel connection rcontribute, see Eqn. ([68]) . In fact these terms, which 
correspond to ambiguities in the language of Ref. [21], remove all terms in F mnpq that are not fully 
antisymmetric so that F mnpq = Fr mnpq -\, as required by its compatibility with dTJ) . Note that, when 
projecting out the Freund-Rubin term from the generalised vielbein postulate, components of 
the generalised Christoffel connection drop out. In this way we are finally able to resolve an issue 
that was left unfinished in Ref. [3j: it is also observed there that one can project out the 4-form field 
strength. However, the resulting SU(8) invariant expression, apart from the ambiguities pointed out 
in EU, turns out to be unmanageably complicated due to the fact that only part of the generalised 
vielbein was known. Nevertheless we can now confirm that this strategy is correct, and does yield 
non-linear ansatze for the field strengths of the form fields. In particular, these new ansatze can be 
more suitable than using the ones for the form fields themselves. 

Furthermore, in section 0 we use the external GVP and the fermion supersymmetry transforma¬ 
tions to find ansatze for the remaining components of the field strength. In particular, we find new 
direct and simple ansatze for the F pvpm and F pL , mn components, Eqns. (1HT1) and (1881) . respectively. 
We verify the ansatz for Fp Vpin for the SO(7) + sector. 

3 Non-linear ansatz for the Freund-Rubin term 

3.1 The 56-bein V 

The internal components of the D = 11 fields are packaged into a single coset element of E 7 ( 7 )/SU(8), 
a 56-bein {Vm AB , Vmab)- Here, the E 7 ( 7 ) index M. decomposes under GL(7) as 

Vm = (Vm8,V mn ,V mn ,V m8 ) , (13) 

4 In fact, the ansatz for A mi ...m 6 given in Ref. [5j can be greatly simplified: 

A mi ...m 6 = — g Pq IJrai ...m 6 pPg(logA) — 3\/2 £ mi ... me . (12) 
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with GL(7) indices m, n, ■ ■ ■ = 1,... ,7. The components of V in terms of the D = 11 fields are [1] 


1 im8 
V AB 

Vmn AB 
ymn 


A—1/2 pm 
- l ABi 

-3“^ (r m n AB + 6-\/274 mn pr^ B i , 


AB = 


_ . J_ °mnpi-p 5 a -1/2 

8 5! 1 


■ pi—ps AB 


+ 60-V/2A,! r) 9 r,,r 


P1P2P3 1 P4P5 AB 


V2 


V m8 AB=-^-^'^A- 1 /2 


(14) 

(15) 


6!\/2 ^yfg Pl ...p 5 ^ ^gpiP2^P3P4P5 1 ^ab 
( r Pi- ■ -p7 Em) /\ b T126 \/~2. A r[l p ] p 2 hps.. .p 7 /i b 


/ ^ \ 

+ 3\/2 • 7! [ A rrl p 1 ...p 5 H — ^4)npip2^P3P4P5 j Ep 6 p 7 ab 


(16) 


9! 

2 " 


V2 

12 


+ ^ I Tlmpi-.-pg + ^.mpip2^P3P4P5 ^P6P7i?rAB 


(17) 


Here, T ai '" an = T^ 1 ... r an i are seven-dimensional 8x8 T-matrices and Y mi '" mn are their curved 
versions, e.g. T m = e m a T a . A pqr and A rni ... m& are 3-form and 6-form fields, respectively. The V 
given above is an E 7 ( 7 ) matrix because it corresponds to the exponentiation of E 7 ( 7 ) Lie algebra 
elements [32]. 

The index M that denotes the 56 of E 7 ( 7 j is raised and lowered with the symplectic metric 
and its inverse, namely 

V M = 

The non-vanishing components of are 

amn o mn rmn c>m8 o m8 xm8 ^ rra iio\ 

“ pq = -* l pq =°pq > p8 - “ lip8 ~ d p8 ~ ^ d p 

and its inverse is defined by 

n MV n MV = s-tf. 

{V m AB Vmab) is an Sp(56,M) matrix and hence 

V M ab V m cd = i <$£, V M AB V M CD = 0. (19) 

‘Curved’ SU(8) indices A,B,... are raised and lowered by complex conjugation, 

Vm AB = (Vm ab)* , V M AB = (V M ab)* , (20) 


while the position of the E 7 ( 7 ) index on V is not affected. 

The D = 11 56-bein is related via the linear ansatz m in to the E 7 ( 7 ) matrix that encodes the 
scalars of N = 8 supergravity 


Uij IJ Vij ij\ 

[v^ IJ u lJ uJ ' 


( 21 ) 
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The 70 scalars and pseudoscalars parametrise Uij IJ (x) and Vij ij(x). In the form above, the 56-bein 
is given in an SU( 8 ) basis. However, it turns out to be more convenient to have the 56-bein such 
that its E 7 / 7 ) index is decomposed in an SL( 8 ) basis: El 


1 / u^u — v^ IJ \ 

\/2 y— i(u l i ij + v ljTJ ) J 


V Mij = 


1 ( u ij IJ - v ijIJ \ 

+ Viju) J 


( 22 ) 


In relating the d = 4 56-bein to the eleven-dimensional one given above, one must in principle 
take into account a compensating SU( 8 ) rotation depending on all eleven coordinates, as explained 
in Ref. [HJ. However, in the remainder we will deal only with quantities where the SU( 8 ) indices are 
fully contracted, and this SU( 8 ) rotation drops out. Keeping this in mind, the explicit dependence 
of the components on the d = 4 fields is [2] 


y) = ^K m IJ (y) { Uij IJ + Vij u) (x), (23) 

Vmnijiptiy) = (?/) Ollij Vij I j) (^)? ( 24 ) 

o 

V mn ij(x,v) = fl muri (4-*" -6-6! 4 t ... rM K* ,J ) (y) (ui/ J + Vij u) (x), (25) 

Vm8ij(x,y) = (K m IJ + 6r) pi ‘ P7 4 i - P6 ^p 7m /J ( { y) (ui/ J - %■;,/) (x), (26) 

where Kfj(y) are the Killing vectors on the round seven-sphere, 

K m IJ = irfTmr]- 1 , K mn IJ = — —D m K n IJ = fj I T mn r] J , (27) 

m-j 

K mi ...m 5 IJ = ifj 1 r mi ... m5?7 J = IJ . (28) 

o 


The derivative operator D m is the covariant derivative with respect to the Christoffel connection 
on the round sphere and rj 1 are the eight Killing spinors on S 7 . Additionally, is implicitly 

defined by 

— UI 7 Tjrrii ■■■m-j • (29) 

Furthermore the normalisations in (|23D - (12611 have been chosen so that this vielbein is indeed 
normalised according to Eqn. (11911 . These expressions are sufficient to derive all non-linear ansatze. 


3.2 Generalised vielbein postulate 

The generalised vielbein postulates are differential constraints on the 56-bein in terms of generalised 
connections including an SU( 8 ) connection, a generalised E 7 ( 7 ) connection and a generalised non- 
metricity. Using the GL(7) decomposition of the 56-bein, (fT71) . its derivative can be grouped into 
objects that satisfy the correct transformation properties, namely the generalised connections in 
Refs. H10L]. The crucial feature of the generalised connections that we utilise in order to derive our 
ansatze is that they are parametrised by components of the 4-form held strength. This is a somewhat 
different approach to the deductive approach of Ref. [24]. There, the generalised connections are 
found by requiring a torsion-free compatible connection (in contrast to usual differential geometry, 
this does not uniquely specify the connections m)- The generalised connections in Ref. [24] are 

5 See, for example, Ref. m for more explanation. 
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nevertheless related pH] to the generalised connections in Ref. |1]; as are the connections in excep¬ 
tional field theory |34j . where the emphasis is on connections that are expressed in terms of the 
56-bein of exceptional held theory [35]. 

A distinctive feature of the generalised connections that we use is that they are valued along 
the first seven directions in a GL(7) decomposition, as is clear from Eqn. (13011 . Note that this is 
not a consequence of the derivative index running over seven directions, but rather a consequence of 
working with a generalised non-metricity rather than torsion-free compatible connections [34] , which 
are valued in the 56 even when the base space is not extended as in Ref. [23] • However, for us it is 
precisely the SU(8) covariant generalised non-metricity that yields the new non-linear ansatze. 

The 56-bein Vm satisfies, in particular, the internal GVP mm 

dmVAf AB —TmAf V Vv AB + Q-m[A^M B]C = PmABCD^Af 00 , (30) 

where Q^b the generalised SU(8) connection. The SU(8) tensor P m ABCD is the ‘generalised 
non-metricity’, which ‘measures’ the failure of the metric 


QmU = Vm AB Vm AB + Vj^ ab Vmab 


to be covariantly constant under the generalised covariant derivative. 0 is the ^ 7 ( 7 ) generalised 

Christoffel connection with components 

(U)/ = -(r,„)’V = (r m v* = -(r m )"„ = 2 rj^<s*] - 


r m )„ 8 ” = -(r m ) r ‘ P s = 377 


Here, 


(T m) pqr 8 = (r m )rSpq = 3y/2E m]pqr , {V m )^ S = 


— 2 9 P<1 {&m9nq P d n g m q dqg r 


(31) 


denotes the usual Christoffel connection defined with respect to the metric g mn (x, y ). The quantities 
s m\pqr(x,y ) and E m \ pi ...p 6 (x,y) are [36] 


1 m\pqr — Dm-^pqr ^ Fmpqri 

V 2 

~‘ m \Pl'"P 6 ~ DmA pi ...p 6 + -^m[piP2P3^P4P5P6] 


(32) 


V 2 

2 


DmA[ pi p 2 p 3 ^Pm[ Pl p2P3 ) Ap A p 5P6 \ r 7] F mpi ...p 6 , (33) 


1 

v: 


where D m denotes the covariant derivative with respect to the Christoffel connection Tmn- From 
the definitions above it is clear that 


^[m\npq] ~ “[m|pi—p 6 ] — 0- 

We also note that under generalised diffeomorphisms (including the two- and five-form gauge trans¬ 
formations) all connection coefficients transform with second derivatives, just like the standard 
Christoffel connection. 

6 As explained in Ref. [35 the non-metricity can be absorbed into the connections, at the price of introducing 
components B and T^jq- along directions M m. 
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In a non-trivial background (such as the compactification on S 7 ), all E 7 ( 7 ) Christoffel connections 
decompose into a background connection and a variation 

= T m x v + (34) 


For the S 7 compactihcation we will see, Eqns. m-m, that the background connection is not only 
given by the standard covariantisation with respect to Tmn, but that it also requires a non-vanishing 
component H m | pi ... pe . 

The generalised spin connection Q A B and non-metricity V m abcd are expressed in terms of the 
D = 11 fields as follows [6j: 


Q R = 


_-t > r afe 4- a 2 f r — — 
yUmab 1 AB ' 


p r n pq 

1 mnpq L AB ; 


(35) 


Vr, 


V2. 


y/ 2 . 


ABCD — fmn[AB^CD] 4~ qr, F, 


32 


■pn ppg 
mnpql [ AB L CD ]> 


(36) 


where uj ma j, is the SO(7) spin-connection. The internal GVP, ([30]) . provides a non-linear ansatz for 
given that V m depends on From Eqn. (|30l) . we hnd 

'Pm ABCD = —iV^CD^mVjVAB = ~iV^CD^m^M AB + iPmf/*CD^V AB (37) 


and project out the Freund-Rubin term using the D = 11 vielbein components, 

fm = -^V m8 EF V^EFV pq AB V q * CD VmABCD- (38) 

Note that in Eqn. (1371) . we defined the full covariant derivative D m with respect to the full E 7 ( 7 ) 
Christoffel connection. We denote the covariant derivative associated with the full background 
connection D m . 

Substituting the expression for V rn from Eqn. (|37l) . this projection has the following convenient 
property: as a result of contracting out all SU(8) indices all the generalised connection components 
m drop out in For this reason we can use any connection; we choose to work with the 
background connection for convenience. Note that this is not true for other projections, in particular 
the 4-form field strength F mnpq . In section [71 we give a new ansatz for F mnpq that takes these 
“ambiguities” into account. Thus, 

fm = -^V m8 EF V pS EFV pq AB V q8 CD V M cd D m VAt AB- (39) 


3.3 The Freund-Rubin term in terms of d = 4 fields 

We convert curved SU(8) indices A, B,... into flat SU(8) indices i,j,... ( cf . Eqn. (flOl) ) by means 
of the orthonormal Killing spinors on the round sphere rf A , 

Pm ijkl = —* ij + * f mAf P 'P^kl^V ij > (40) 

f m = - V m8 rS V p8 rs V pq PV qS kl V M kl £>mVM ij- (41) 

Here, we used the split (1341) for the S 7 background, with the only non-vanishing Christoffel connection 
components 

= -(r m ) 98 p8 = \t q mp + \PmJl (42) 

= ~(r mY S pq = 21^ - \i n m J r p S q ( 43 ) 


(f m )p8 98 
C Pm)pq rS 
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and 


(f m ) rs P s = 3V2r, rstl ^E m lptl ... t5 


(J'm)p 8 rS 


with 


= DrnAr 


— D\ rr ,A„ 




ni---n 6 


(44) 


(45) 


Thus, the evaluation of the Freund-Rubin term requires an evaluation of the Maurer-Cartan form 
of the 56-bein. This can simply be calculated using Eqns. (1231) (1261) . 


V V klD m Vj\f ij =—im, 7 K m J IJ K nRL] ( Uij IJ u k i KL - VijijVklKL) 


+ -im 7 K m 


IJ 


Vij MjUkl 


MI 


— U , 


MJ 


Vkl Ml) 


- 12 r} ni - n 7 (■ DmU-.ne ~ D [m C ni ...n 6 ]) ( V p8 ijV n7P ki + V p8 kl V nwij ) , (46) 

where D m is the usual S covariant derivative. The last term on the right-hand side of the above 
expression exactly cancels the contribution of the generalised connection term coming from H m | pi ... p6 
evaluated in kiD m V_M ij. Namely, at the background value of the fields, where = 0, V m ijki 

given by Eqn. (1401) is equal to the first two terms in Eqn. (1461) . reproducing the solution given 
in equation (3.19) of Ref. [3]. 0 Otherwise, away from the SO(8) invariant vacuum, the solution 
is modified by the generalised connection terms These are the “ambiguities” that leave 

the supersymmetry transformations unchanged !2U- Therefore, the solution proposed in Ref. [3] 
is consistent with the supersymmetry transformations but does not reproduce the field strength 
components F mnpq . In generalised geometry, this is manifested in the lack of a unique torsion-free, 
metric-compatible generalised connection jjHj; see also Ref. |34| where this relation was explored. 

In fact, equation (l46l) points to the necessity of using a background connection that accounts 
for the fact that the Freund-Rubin parameter is non-zero at the background. This background 
connection includes generalised connection components such that 

V M kit> m VMij =-^im 7 K mn [IJ K nRL] (' Uij IJ u k i RL - VijuVkiKL ) 

Zo 

+ ^ inn 7 K m 1J ( v ijM ju k i MI - Uij MJ v k i M i ) • (47) 

However, since our identities, e.g. (1271) . are written in terms of the usual S 7 covariant derivative D m , 
we use this connection for convenience. 

From Eqns. (1401) and (|47l) . we can now see exactly how the solution given in equation (3.19) of 
Ref. [3] for V m ijki is modified by the generalised connection coefficients. It is clear from Eqn. (I4U1) 

o o 

that the role of the generalised connection term is to fully antisymmetrise D m A npq and D mi A m2 ._ m7 

o 

terms coming from This gives the field strength components F mnpq and in V m ijki — 

without the generalised vielbein postulate this task would be an unwieldy problem. 

We now make use of Eqn. (1461) . remembering that the contributions from the generalised con¬ 
nections vanish, and insert the explicit formulae for the vielbein components, (I23D (I26f) . into the 
expression for the Freund-Rubin term, (141 1) . Defining 

X r y jkl (x, y) = K IJRL (y) (u rs IM + v rs IM ) (u lJ [j K u kl LM ] ~ v lj[JK v kl LM (x), (48) 

Y rs ijkl (x, y) = K mIJ K m KL (y) {u rs IJ + v rs u ) KM v kl LM - ^ KM u kl LM ) (*), (49) 


7 In Ref. [3J, V m ijki is denoted by Am ijki- 
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(50) 


where K IJhL (y ) = K m ^ IJ (y)K m KL \y), we find that 


v m8 rs V Ar kiDmVjV ij = (: 3X" iiW - 2Y^ W ) , 

zo 

V p8 rs Vpq fe V 98 fcZ] = ^ (2X rs ijkl + Yrs ijkl ^ • 


Thus, the Freund-Rubin term is 


fm(x,y) = 


7717 


168\/2 


ijkl 


3X rs ijkl - 2Y rs ijkl ) ( 2X rs ^ kl + Y„« fcI ) (x, y). 


(51) 


(52) 


4 Examples 

In the following, we evaluate the Freund-Rubin term (15211 for the G 2 invariant sector |37l i58] . We 
refer the reader to appendices iBl and IQ for the Freund-Rubin term for the SO(3)xSO(3) and SU(4)“ 
invariant sectors. At stationary points, f /<K is proportional to the scalar potential. This has already 
been noted in Ref. m- Eqn. ()52l) now gives a general expression for f m away from stationary points. 
In the following examples, we will see that this expression always consists of two parts: the first part 
is proportional to the scalar potential V - this has been verified for many stationary points [21] . The 
second part is proportional to a variation of the potential and depends on internal coordinates. Thus, 
the Freund-Rubin term is only constant at stationary points. In uplifts of flows the Freund-Rubin 
term will, in general, be both x and y-dependent. 


4.1 Freund-Rubin term in the G 2 invariant sector 

In a ‘unitary gauge,’ the 56-bein takes the special form 


V = 


For the G 2 invariant sector 


uij kl vjjkl \ _ 

v IJKL u ij KL ~ eW U IJKL 0 J 


0 4>ijkl\ 

r T 1ST r. 


4*1 JKL = 4>iJKL{a,X ) = - (cos a C I + JKL + isinaC I _ JKL ) 


(53) 


(54) 


with the SO(7) + and SO(7) - invariant 4-form tensors C^ JKL and CL JKL , respectively. The common 
invariance group is G 2 = SO(7) + n SO(7)“. 

The scalar potential for the G 2 invariant sector, calculated from Eqn. (|92l) . reads 

V(a, A) = 2 g 2 [(7v 4 — 7v 2 + 3)c 3 s 4 + (4u 2 — 7 )v 5 s 7 + c 5 s 2 + 7v 3 c 2 s 5 — 3c 3 ] 

= 2(c + vs) 2 (7v s s 3 + 4 v 5 s 5 — 14 cv 2 s 2 — 8 cv 4 s 4 + 14 c 2 vs 

+5c 2 u 3 s 3 — 7c 3 + 5 c 3 v 2 s 2 — 8 c 4 vs + 4c 5 ) . (55) 

Here, g is the gauge coupling constant and 

c = cosh2A, s = sinh2A, v = cos a. (56) 
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Taking the derivative of the potential with respect to a and A yields 


—— = —14 vs 2 sina(c + vs) (5 v 2 s 2 + 4 v 4 s 4 — 5 cvs — 4 cv 3 s 3 + 2c 2 — c 2 v 2 s 2 + 5 c 3 vs — 2c 4 ) , 


= 28 -(c + vs)(2v 2 s 2 + 7v 4 s 4 + 4 v 6 s 6 — 5 cvs — 10cu 3 s 3 — 4cu 5 s 5 + 5c 2 
dA s 

+ c 2 v 2 s 2 - 3 c 2 v 4 s 4 + 9c 3 us + 10c 3 u 3 s 3 - 9c 4 - 3c 4 u 2 s 2 - 4 c 5 vs + 4c 6 ). 
We write the u and v tensors in the following basis of G 2 invariants jl] 

Sl’L (jUKL qIJKL Y)± _ \ ^pIJMN qMNKL _ j _ qIJMN yjMNKL^ 


(57) 


(58) 


(59) 


Here, CL JKL is selfdual and Ci. JKL is anti-selfdual. Having chosen a symmetric gauge for the d = 4 
56-bein, we do not distinguish between SU(8) and SO(8) indices. We find [4[ fT5] 

u u KL { A, a) =p 3 5?j L + \pq 2 cos 2 aC I + JKL - \pq 2 sin 2 aCi JKL - \ipq 2 sin 2 aDi JKL , (60) 

2 2 8 

vijkl( a, a) =q 3 ( cos 3 a — i sin 3 a) 6 J p/ L + ^P 2 Q cos aC+ KL + i ip 2 q sin aCL JKL 

— ^y 3 sin2a(sina — i cos a)D+ 1KL . (61) 
8 

The x-dependence is kept in A = A(x) through 


p = coshA, y = sinhA. (62) 

u LJ kl and v IJKL are obtained from the above equations by complex conjugation. 

Plugging the explicit form of the u and v tensors into the expression of the Freund-Rubin term 
and identifying 

ay) = ~^C I + JKL K m IJ K mKL , (63) 

16 

we find the Freund-Rubin term in the G 2 invariant sector: 


fm 


— \f 7 im r j[c + vs ) 2 (7 v 3 s 3 + 4u 5 s 5 — 14cx 2 s 2 — 8 cv 4 s 4 + 14c 2 us 

+5c 2 u 3 s 3 — 7c 3 + 5 c 3 v 2 s 2 — 8c 4 us + 4c 5 ) 

/n 

+ “tt" fni £ (c + vs) 2 cvs (3 vs + 2 v 3 s 3 — 3c — cv 2 s 2 — c 2 vs + 2c 3 ) . (64) 

O 


While the first two lines are y-independent, all the y-dependence here is contained in the factor £(y) 
in the last line. Using Eqns. ([55]) . (1571) and (|58l) . the above expression can be rewritten as 


fru 


m-j ( y £ / s cos a dU 
V2g 2 V V + 21s V 2 dA 


c sm a 


dU 

da 


(65) 


This result is exactly of the expected form. The term proportional to the scalar potential is 
coordinate invariant. All other terms are proportional to the derivatives of V with respect to a 
and A and thus vanish at the stationary points, that is, when the equations of motion are obeyed. 
Off-shell, there is a linear dependence on £(y) so the extra terms do depend on internal coordinates. 
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Furthermore, j m is x-dependent via s, c and a. Note that the G 2 invariant sector also includes as 
special cases the SO(7) ± invariant sectors for appropriate values of a: 


fm 


777,7 

V 2 g 2 


-v + 


g dV 
42 dA 


V=1 


7777 

V2 g 1 


V 


77—0 


SO(7) + 

SO(7) _ 


( 66 ) 


(recall that dV/da vanishes for v = 0). 

We repeat this calculation in appendices IB1 and P for the SO(3)xSO(3) and SU(4) - invariant 
sectors and find expressions similar to Eqns. (1651) and (1661) . Motivated by these results we state a 
general conjecture for the Freund-Rubin term in section [6) 


5 Ansatze for other components of the 4-form field strength 

Given the new ansatz for the Freund-Rubin term, a natural question that arises is whether similar 
ansatze for the other components of the 4-form field strength can also be teased out of the generalised 
vielbein postulates. The generalised spin connection and non-metricity from Eqns. (13511 and (13611 in 
the internal GVP depend on F rnnpq as well as f m . Therefore, one can also project onto the component 
giving F mnpq . Indeed this is done in Refs. [3],j6] using only the original generalised vielbein e™ B . 
However, we use the full 56-bein and its various components and take account of the generalised 
connection term. We can project onto the F mnpq term by performing the following contraction of 
F m ABCD with components of the 56-bein: 

T> (iJfS CD , ^ ABCDEFGH-\ir8 •>; \ a — 1 n t? ( 

FmABCD I y Vpq + V EFVpqGH J — ^A 5 ^mnpq■ (67) 

Therefore, from Eqn. ( 1371 ) . we find that the uplift ansatz for F mnpq is given by 

A ~ l g nr F mnpq = —16* iy'ijdmV,W ki ~ T mM v V M iq V v kl ) V r8 ij V pq kl + h.c.. (68) 

The ansatz above is not as direct as the formula for the Freund-Rubin term (|39E Firstly, as 
with the non-linear flux ansatz [5] one needs to invert the metric to obtain F mnpq . jj Moreover, 
the contributions from the generalised connection components do not vanish. It is these terms that 
antisymmetrise the dA terms in dV to give the field strength. Hence without these terms the field 
strength components would not be fully antisymmetric - a point that was noted in Ref. [21). We 
therefore conclude that differentiating A mnp obtained from the non-linear uplift flux ansatz is a 
simpler way of finding the internal components of F rnnpq than the ansatz derived from the internal 
GVP, see Eqn. ([68]) . 

While the generalised spin connection and non-metricity are parametrised by F mnpq and f m , the 
connections of the external GVP [1] are given in terms of the F pupm and F pmnp components of the 
4-form held strength. In E 7 ( 7 ) covariant form, the external GVP is [36] 

9 p Vm ab + 2 4b m Vm ab + Q^iaVm b]c = F p abcdVm CD , (69) 

where t is the E 7 ( 7 ) generalised Lie derivative [24, 39) [^| 

C A X M = X m d m X M + 12(t a ) M ^(t a }p^d q A v X^ (70) 

8 In fact, contracting VmABCD with other components of the 56-bein would directly give an ansatz for Fmnpq 
without need to invert the metric. However, this leads to a more complicated expression involving Amnp and T mi ... m6 
contributions on the right-hand side. 

9 The generalised Lie derivative encodes the diffeomorphisms and gauge transformations of the D = 11 fields 12411361 . 
In approaches where the base space is also enlarged, e.g. Ref. (591 i35j . the partial derivatives also carry E 7 ( 7 ) indices. 
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and the connection coefficients are of the form 


QpR = 4 e m a D m B fl n e nb - (e? a Vpe pb ) Y% - 2 §e p a (F aabc T% - rj Q ^ s F^ Sa T aAB ) , (71) 


V, 


fiABCD 4 


e m a D m B fl n e nb - (e p a £> M e pb ) 


pa p& _ \/2„ op pa pbc 
1 [AS 1 CD] 8 M r abca^ { AB *- CD j 


~ F af 3 lS T b [ AB T\ 


ab 

CD ]’ 


(72) 


where 

Vp = dp- B™D m . (73) 

We recall that Z? m is the covariant derivative with respective to the connection Tm and e M “ is the 
vierbein. 

Given a particular reduction ansatz, the external GVP (]69l) reduces to the Cartan equation of 
the scalars of the four-dimensional maximal gauge theory [12]: 

dpV M ij - 9A/X VM M V Mij + Q k ^V M j]k = Vp ijk iV M k \ (74) 


where V is given in Eqn. ([22l) and X_m are generators of the gauge algebra and are related to the 
embedding tensor 0^“ as follows 

X M = ® M a t a . (75) 

The embedding tensor projects out at most 28 of the 56 vectors A B [12]. The Q^j are related to 
QpB by an inhomogeneous relation, while V inj kl are covariantly related to Fp AB cD via the eight 
Killing spinors of the vacuum solution of the maximal gauged supergravity. 

Let us consider the term proportional to Fp V(mi in Fp AB cD • This term can be projected out as 
follows: _ 

Vp ABCD V nS AB V mn CD = ^e^V^Fmafr- (76) 

O 

Thus, we obtain the uplift ansatz 

Fpi/pm = ^ w (v M ijdaV M ki - gA a p X' PM Af V M ij V A r k i'j V nS l3 V mv kl . (77) 

This provides a non-linear ansatz for F fwprn for any truncation of D = 11 supergravity to four 
dimensions. Note that the ansatze for V” 8 and V mn will be linear and follow directly from the linear 
ansatze for the vectors. 

In the S 7 truncation, the connections in Eqn. (1691) and (1741) are related via the eight Killing 
spinors rf on the S 7 [3] 


n i _ i B ( n A V2i a KL T^n KL ° ap A | / 7 o\ 

Qpj — Va Vj I Qp B ^ Bn 7 Ap K s n L a B J •> (78) 

Fp ijki = r)t Vj 9k Vp Fp ABCD, (79) 

where Ap KL are the 28 vectors of the d = 4 theory that are gauged. The generators of the gauge 
algebra are given by m 




V 


Y MN _ V KL _ oX R \- K x L \ R 
Aij KL ~ Au MN ~ 2(i 7J 0 MN 

0 otherwise 


(80) 
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and the reduction ansatz for the relevant components of the 56-bein are given in Eqns. (1231) and 
(1241) . With these substitutions, Eqn. m reduces to 

Fftvpm = ~ ^ri llup a K n IJ K mn KL (u lJ u + v ljIJ ) (u kl KL - v klKL ^j 

x (v M ijd a V M ki - 2^2 m 7 A a MN V MP ijV NPk i - 2^2 m 7 A a MN V MP kl V NPi ^ . (81) 

This is the non-linear uplift ansatz for F pvpm for the S' reduction of D = 11 supergravity. We note, 
as a check, that in the SO(7) + sector the above expression reproduces the correct result, viz. 

Fpupm = ^ L iv l iup a d a \d m ^. (82) 

The above ansatz for F pvpm , (1771) . provides a considerable simplification over computing the 
Hodge dual of F prni _ me calculated using the ansatz for the metric, 3-form and 6-form. This is clear 
even in the relatively simple case of the SO(7) + sector. The advantage of the ansatze ([771) for F /wpm 
(and its specialisation to the S 1 reduction (18T1) 1 and (f52l) for the Freund-Rubin term is that they do 
not require differentiation or the metric to be inverted. 

The connection V p abcd also depends on the F pmnp components of the field strength. However, 
as is the case with the ansatz for F mnpq , (l68l) . we do not obtain a direct ansatz. Therefore, for 
the F prnnp and F mnpq components the GVPs do not provide more efficient ansatze. However, these 
components are easily calculated using the 3-form ansatz [5]. We are fortunate that the GVPs give 
direct ansatze for the components of the field strength that are otherwise difficult to calculate. 

The only remaining component of the field strength that we have not thus far discussed is the 
Fpvmn components, which does not feature in the GVPs. However, this component does enter the 
fermion supersymmetry transformations via 

Q aP AB = ~i A-^e^etfV^TnAB + ^iA^ FafimnV rnn_ (83) 

Comparing the fermion supersymmetry transformations in four P-61112] and eleven dimensions [6] , 
we make the following identification 

T-Lapij = 4\/2r)frif G a /3AB, (84) 

where 'H a pij I s related to the covariantised held strength G a p M [12] 

W-aP ij = V.M ij Ga/3 M ■ (85) 

Contracting Eqn. (1831) with V mn AB gives an imaginary expression 

Vmn AB Gai3AB = ~ ^A _1 E Q/3mri + A~ l A mnp (e^^ a e v ^D p B v p - g pq e^^ a d q e p ^) . (86) 

Using Eqns. (1H71) . (l85l) and the above equation, we obtain the non-linear uplift ansatz for F pumn for 
any reduction 

Fpumn = V2iVmn ij V M ijGpu M + | A mnp (V [fl B v f + g pq e { «d q e v] a ) . (87) 

Specialising to the S‘ reduction gives 

/2 

F p i/mn — o (^mn Q [IV U 12A~ 1 A mnp K p L jU pu IJ ) , (88) 

O 
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where [T2J 


Guv 


M 


f'l j 

\Qiiv u j 


(89) 


Hence, F lwmn is only non-trivial for four-dimensional solutions with non-zero vector expectation 
values. 


6 General form of the Freund-Rubin term 


6.1 The conjecture 

We observed in section HI and appendices [B] and O that for various examples the Freund-Rubin term 
is proportional to the potential, with the constant of proportionality given by —m 7 /(\/2g 2 ) [21 J, and 
a y-dependent part that contains variations of the potential. Furthermore, the y-dependence only 
enters linearly via the invariant scalars (£ in G 2 and (£,(j hr SO(3)xSO(3), see appendix B). In 
particular, if the sector under consideration does not contain an invariant scalar (such as SO(7) - or 
SU(4)“), then is y-independent and proportional to the potential. In the following, we will state 
a general conjecture for the Freund-Rubin term that respects all these observations. 

First, we state the general expressions for the potential V and its variation 5V in terms of the 
tensors Uij IJ and Vij jj. We define the T-tensor [16] 

T, ]kl = (u kl u + v kl /J ) {u im JK ui m KI - v im JK v^ m KI ) (90) 


Jtij _ rp ikj A jkl _ _^_rp\jkl] 

f 21 K ? t 2 1 


and its components 


In terms of the above tensors the potential is given by 

V =±-g 2 A 2i i kl Ar 3 


24“ 


1-2 jkl 




(91) 


(92) 


In order to determine the variation of the potential, we consider an infinitesimal E 7 ( 7 ) variation 
of the 56-bein of the form 


SV 


\/2 / 0 Y?i kl \ 
4 \Eijkl 0 J 


(93) 


where E is complex selfdual. Given the variation of the 56-bein given above, to first order, the 
potential varies as [25) 


6 v ~g 2 Q ijkl Z ijk i+ h.c., (94) 

where the Q-tensor is 

Q ijkl = ^A 2 m n ^A 2 n W m - A^A 2 J kl 1. (95) 

Since, the expression on the right-hand side of Ecp. (|94l) gives the variation of the potential to first 
order, it must vanish at the stationary points. In particular, since ^%jki is an arbitrary complex 
selfdual tensor, Q l i kl is complex anti-selfdual at stationary points. 

We define a complex selfdual combination of u and v tensors 


%jkl(x , y) = (• Uij IJ (x)u k i KL (x ) - u{x)v k i kl{x )) K IJKL (y), (96) 
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where we have written out the coordinate dependence explicitly so as to make the dependence of 
£ on all eleven coordinates clear. Making use of the Q-tensor, we are now able to formulate a 
conjecture for the Freund-Rubin term: 

f " = ( v - fi ( Qmt * u + hc )) ■ < 97 > 

The second term on the right-hand side is inevitably y-dependent, and it vanishes when Q l i kl is 
complex anti-selfdual, which is precisely the minimisation condition for the potential. 

To prove this formula, one has to manipulate Eqn. (l52l) using E 7 ( 7 ) identities for the u and 
v tensors mm • However, the proof will also probably require identities derived from the quartic 
invariant (see, e.g. Ref. [12]). We leave this proof (which is probably even more complicated than the 
one given in Ref. [3] for the y-independence of the and A 2 tensors coming from the S 7 truncation) 
for future work. In the remainder of this section, we will prove the conjecture up to quadratic order 
and verify it for the G 2 invariant sector. 

6.2 Proof of the conjecture up to quadratic order 

In this section, we prove the equality of Eqns. (1521) and (1971) for a perturbative expansion of the u 
and v tensors. As in Eqn. (1531) we use the unitary gauge, 

V = eX P ^IJKL (98) 

where we do not need to distinguish between SU(8) and SO(8) indices. Thus, 

uu KL = (cosh (j>) IJ KL , v IJK l = (smhfyuKL. (99) 

Here, we denote 

(<t>°) ij kl = Su KL , (tf)u KL = hjMN^ MNKL . (100) 

Complex conjugation is realised by raising and lowering indices. Furthermore, the potential is 
complex selfdual, 

<P',JKL = <P L ’ KL = y/ JKLMNP0 <>MNP Q . (101) 

Up to quadratic order, we obtain 

uij KL = 5fj L + -4>ijmn4> MNKL + O(^) , vjjkl = 4>ijkl + OW> 3 ) • (102) 

Substituting the expansions for the u and v tensors in the expressions for X rs *- ?fei and Y ra * J ' , 
(1251) and (1491) . we find up to terms 0(cj) 2 ), 

"A r s' ]kl "A rs i]H = 168 + 19 4> ijkl 4>ijkl — 4>ijkl&ijkl 

+ 3 K ijkl (2 (f>ijKL + 3 4> IJMN 4>mnkl) + 2^ ( K IJRL <t>UKL ) , (103) 

X rs l i kl Y rs ijkl = -§(t> IJKL <t>IJKL — 6 4>IJKL<j)IJKL 

+ 2 K ijkl (4 4>ijkl + 3 cf> IJMN 4 >mnkl) + - ( K IJKL (j) I jKL) , (104) 

Y rs ^ kl Y rs ijkl = 32 (j) IJKL (j) I jKL + 24 K LJKL t IJMN ^MNKL, (105) 
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where now all the y-dependence is contained in K IJKL (y). In deriving the above expressions, we 
make use of the following identities 


K ijkp K L mnp = eslffjf + % [ ( l K jk] mn) , (106) 

K [IJKL K M]NPQ = 1 e IJKLMNPQ + i2K [IJK [N 5 L P 5 M] Q] , (107) 

K mU K nKL Kmn MN = + 45^,^ J]KL + 45 [k [m K L] N]I j - 45^ [k K J \ ] mn . 

(108) 

It is now straightforward to show that, up to quadratic order, the Freund-Rubin term, (1521) . is 

fm = V2m r ^3 + —4> I jklK IJKL + -^4 > lJKL4> IJKL ^j + C^ 3 ). (109) 

We also find that 

V/g 2 = -6 - ^ukl 0 IJKL + O(0 3 ), Q ijkl ± ijk i = 2 4> ijkl K ijkl + 0(<f 3 ). ( 110 ) 


Thus it is easy to verify that the conjectured expression, (1971) . reproduces the expression for the 
Freund-Rubin term up to quadratic order in the scalar expectation values. 

6.3 Testing the conjecture in the G 2 invariant sector 

At the stationary points, it has already been established that the conjecture (1971) holds for the G 2 
invariant sector m, see Eqns. (|U5j) and (1US1) . Therefore, it just remains to prove that the y-dependent 
parts of Eqn. (1M1) and Eqn. ([971) coincide, viz. 

(^Q l i kl Y Jl]kl + h.c^j = 16£(c + vs) 2 cvs (3 vs + 2 v 3 s 3 — 3c — cv 2 s 2 — c 2 vs + 2c 3 ) , (111) 

where again all the y-dependence is contained in the factor £(y). 

Equation (1951) provides an expression for the Q-tensor in terms of the u and v tensors with four 
free SU(8) indices. Thus, we can use Eqns. (|60l) and (16TT) to write the Q-tensor in terms of contracted 
G 2 invariant tensors, (l59l) . with four free SO(8) indices 

Qijki qIJKL ( 112 ) 

In this case, unlike in section the u, v tensors are not necessarily contracted over index pairs. 
However, the resulting expression for Q IJKL must be G 2 invariant. Hence, we should be able to 
write it in the basis given in Eqn. (1591) . In particular, it is totally antisymmetric, so we must find 

Q ijkl = c+( A, a)C{ JKL + c_( A, a)CL JKL (113) 


for some functions c±. 

An efficient way to work out the contractions of SO(8) indices in Q IJKL is to use the SO(7) 
decomposition of the G 2 invariants (159|) . An SO(8) index decomposes as I = (z,8), where i is an 
SO(7) index that runs from 1 to 7. The decomposition of C± KL is [25] 

C ijk8 = C ijk 5 C ijkl = ( 114 ) 
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with an arbitrary phase rf. This phase will drop out in our calculations. The SO(7) tensor C mnp 
satisfies [251 


(j[mnp(jq)rs — jj 1 ^ mn P ( A r ^ (js]tu (jmnr 


1 


— 9S rnn - -ri f mn * 

pqr ~ -‘Vpq g'/ c pqrst. 


c 


rst 


ijkl _ j-^i8k8 _ n jjijk8 _ _jjk8ij _ djk 


Moreover, the D_-tensor decomposes as follows: 

jjijkl _ jji8k8 _ g 

For D j + ]kl , we find the convenient SO(8) property 


T)IJ _ “ 7 ~)M[I f J] 

JJ + KL ~ -U + M[K d L\: 


D \IJ KL\ = Q 


d [ 1 jkl] = o 


■j = —6(5!-, 


Df*M 8 = 42. 


(115) 

(116) 

(117) 

(118) 


so we only need 

j-)Mi 

U + Mj ““j) 

Using all these SO(7) decompositions together with the identities for the C-tensor in Eqn. (I115D . 
we find exactly the anticipated form, Eqn. (11131) with 


1 3 1 

c + (A, a) =-c 3 vs (5c — 4c 3 + 2s 2 sin 2 a ) — -c 2 n 2 s 4 sin 2 a — -c 2 v 3 s 3 { 1 — c)(3 + 7c) sin 2 a 

1 3 

+ -u 4 s 4 ( s2 (5 — 3c) sin 2 a — c — 4c 3 ) + 2u 6 s 6 (c — 1) sin 2 a + -Tus 2 (c 3 + vsi — c 2 ) sin 3 a 

(119) 

c_ (A, a) = — ^s 2 ( v 2 c 3 + v 3 s 3 + c 2 sin 2 a ) sin 2 a + ^ic 4 s sin a (4s 2 — l) 

+ -ic 2 n 2 s 3 (3 + 2c — 7c 2 ) sin 3 a + -icn 3 s 4 (5 + 7s 2 sin 2 a — 3c) sin a 


r. 

q A Q (J r /? w 

— ic v s since + —iv s sin a + 2 iv s (c — 1) sin a. 


At the G 2 invariant stationary point, 


c 2 = 


2\/3 + 3 


s 2 = 


2\/3- 2 


u 2 = 


3 — \/3 


( 120 ) 


( 121 ) 


the Q-tensor is indeed, complex anti-selfdual because c + becomes purely imaginary and c_ purely 
real. 

We compute T‘IjklC± KL using the above SO(7) decomposition. Identifying, 


C ijkl K ijkl = —16£, C" AL ii' iJfSi = 0, 


IJKL k'IJKL 


( 122 ) 


we find 


£ ijklC+ = — 16£(csin 2 a + cos 2 a), £ ijklC_ = 8z£ sin 2ce(c — 1). (123) 

As expected, these expressions are linear in the invariant scalar £. Eqn. (I111D then follows immedi¬ 
ately from Eqns. (II131119I12UD and Eqn. (I123D . 
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7 Outlook 


In this paper, we derive an explicit formula for the Freund-Rubin term, (1391) . for any consistent 
truncation of D = 11 supergravity to four dimensions by means of the internal generalised vielbein 
postulate |T]. In the case of the S 7 reduction this reduces to (1521) . Previously, the Freund-Rubin 
term could be computed using the uplift ansatze for the 6-form and 3-form, which involves inverting 
the metric and differentiating. The new formulae are much simpler. Moreover, for the S 7 truncation, 
we conjecture that the Freund-Rubin term is given by the potential for the scalars of the truncated 
d = 4 supergravity and a variation of the potential. While the corresponding on-shell conjecture has 
already been in the literature m, we propose a formula, (ED, that bears this conjecture out more 
concretely (off-shell). A corollary of our conjecture is that for sectors that are purely characterised 
by pseudoscalar expectation values, the Freund-Rubin term is y-independent and is completely given 
by the scalar potential. We prove the conjecture up to quadratic order in the scalar expectation 
value and verify it for the G 2 invariant sector. In the future, we hope to provide a proof of this 
conjecture. 

The GVPs and fermion supersymmetry transformations provide a new vista on the form of the 
D = 11 field strength that arises from uplifting d = 4 solutions. Given the striking simplicity of 
the conjectured Freund-Rubin term, a natural question that we can now investigate, arises: do the 
other components of the field strength take a similarly simple form that depend on very general 
data of the reduced theory, such as the scalar potential or its derivatives. Another aspect that we 
would like to investigate is whether the conjectured form of the Freund-Rubin term holds in general 
for all truncations of any theory. A setting in which the analogous question can be addressed using 
similar methods (analysis of GVPs and fermion supersymmetry variations) is the reduction of type 
IIB supergravity to five dimensions, where the necessary framework exists [40]—nonlinear ansatze, 
which arise from an analysis of the supersymmetry transformations of the vectors [40], have been 
proposed [41) and presented explicitly [42] in this case. Furthermore, in this case, the analysis of the 
supersymmetry transformations of the vectors has already been used by Pilch and Warner (appendix 
A of Ref. [43]) to derive uplift formulae for the metric and the dilaton. 

Our study of reductions of D = 11 supergravity to four dimensions shows that consistent trun¬ 
cations seem to have simple, generic features that are obscured by the complexity of particular 
examples. With duality symmetry as a guide m, we are able to tease out these features and it 
is hoped that in the future we will learn something very general and conceptually deep about all 
reductions. 
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A Contractions of G 2 invariants with Killing forms 

The G 2 invariant tensors can be used to define the following tensors on the round S 7 [4] 

c _ }_riUKL K IJ jfnKL c _ _}_ r IJKL T< 'IJ tsKL p __ °mnp 

sm — -^0°+ IX rnn IX 5 s mn ~ n 5 S — U smm 

S m np = ^ CL jkl K[±K^. (124) 

We write terms like e.g. D 1 _ jkl K™ K^ p L in terms of the S 7 tensors in (11241) . These fulfill the 
identities 


Utn = (9 - e)9mn - 6(3 - £)£mn, CmC™ = (21 + 0(3 - 0, 

omnr q _ nsrmn , 1 °mn qrst q[mnp og]rs ^ °mnpq[r qs]tu qm[np nqr]s 1 °npqr(m qs)t' 

D dpqr — ^Opq ' q'' pqrst^ ? & ^ ^'/ tn *- 5 ? — g'/ 


Together with the inverse relations of Eqn. (11241) . 


(125) 

)tu 

(126) 


C UKL = l (K VJ K n,KL ] _ + 1 K W K" “1 , S mnp = A'V 1 


we obtain 


r/J r.^m 7J Ts'KL _ q rm 

0KL K ^n ~ °°n 5 


12 


6 T k J lK".K pKL = 0, S' k j t K 


16 


7J Tsmn IJ t/'KL 


L [mn p] ’ 

(127) 


7^ A1/ i n cmn 

-Kpq ? 


16 


(-ilJKL Ty-lJ _ if?A TS-1J Tfpl\L _ _ p e p 

- A -m 'n — ro^ mn , (_2 + — s[m°n] > 


c 


IJK.Lj^rrin IJ jyKL 


90 

A^ t = -W p 7-64J['" 


C: 


UKL T UJ tsKL 


K K = 0 


c 


IJKL k IJ k I<L _ 1fiS , 

IY mn I ^p — - LU *- , mnpj 


s~iIJKL tsU T^KL _ _° erst 

^mn^pq g 'Imnpqrst 0 ■> 


t\IJKL TflJ tuKL /-)/JKL TsIJ tuKL a gpq q , ^ ° tq n 

U+ n ^5 D+ ^-mn^-p [m^np\q ' ^ s ^mnp i ^f l Imnpqrst s 


rst 


V JKL T fIJ zsKL _ 32 t _ c 0/ o r c stu ® 


r'CC = ^[mS np9 ] - 8 'nrnnpqrsttu r S StU + ~^ lmnpqrst S rst , 


D 


I JKL K IJ K I<L _ — c pp 
n m ■ rv n ~ g iJmnp^ , 

16 


16 




I JKL if IJ z'KL 


K^Kp = -^ q [mSn]pq + 165 mn9 ^p + y^ mn p - -Vmnpqrst^ ^ 

K mn K pq L = -K-£[mS n ]pq + ~K~S' mn [pCq] ~ -^■Vmn\p\r8tuCq] 3 ^ + Krfl[m\pqrstuC n]^"• (128) 


B Freund-Rubin term in the SO(3)xSO(3) invariant sector 

The SO(3) x SO (3) invariant sector is given by 


= - [cos a (T+ L + zTl J v ) - sin a (Z. 


I JKL 


- i Z 


I JKL 


)] 


(129) 
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( 130 ) 


where Y± and Z± are SO(3)xSO(3) invariant tensors. 

The scalar potential reads 

^(A) = y(s 4 -8s 2 -12). 

Here, s = sinh \/2A and c = cosh \/2A. Note that V does not depend on a [43]. 

In Ref. [30], the u and v tensors are given in terms of SO(3)xSO(3) invariants 

Y* JKL , Zi JKL : selfdual, yL jkl , ZL JKL : anti - selfdual, 

j jIJKL _ 1 ^ylJMN _j_ ^y ijmn ^ ( y MNKL _ jY MNKL ^j 
from which we define the following y-dependent scalars 

«») = --fi Y ?JKLK%K mKL , C (y) = - y Zj JKL K™K m KL . 


(131) 

(132) 


(133) 


Using the results in Ref. m for the u and v tensors and identities stated in that paper, we find 


fm =~j= ^6 + 4s 2 - + ^y(Csin a - £, cos a) (4sc - s 3 c) 


rri’j 

7^ 



— (C sin a 
12 


^ cos a 


dV 

dA 


Again the y-dependence is contained in £ and £. 


(134) 


C Freund-Rubin term in SU(4) invariant sector 

The SU(4) _ invariant sector is parametrised by a single pseudoscalar expectation value, 

frjKL = \ i\Yl JKL . (135) 

In this case, we find that 

f i-Tt = -y/2m 7 c 2 (c 2 - 4) (136) 

for c = cosh 2A. We note that, since this sector only contains a pseudoscalar, i.e. there are no selfdual 
tensors, the Freund-Rubin term is indeed y-independent even away from the stationary point. 
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